Thermoradiative (TR) device has recently been proposed for noncontact direct photonelectricity energy conversion. We investigate how the near-field effect can boost the performance of a TR device. For a near-field TR device, a heat sink is placed close to the TR cell, with the separation being small compared to the characteristic photon wavelength. It is demonstrated that the TR device, like the thermophotovoltaic (TPV) device, can be formulated using the transmissivity and the generalized Planck distribution. We quantitatively show that -function transmissivity is a very good approximation (capturing up to 90% of total radiative energy transfer) when the radiative energy transfer is governed by resonances. Three practical types of heat sink are considered, a metallic material described by the Drude model, a polar dielectric material described by the Lorentz oscillator model, and a semiconductor material that is identical to the TR cell. The blackbody heat sink serves as the far-field reference. By properly choosing the resonant frequencies supported by the heat sink, we show the heat sink made of a Drude or Lorentz material can enhance the output power by about 60 and 20 times respectively, as compared to the blackbody reference. Even with a heat sink made of the same material as the TR-cell, which does not support any resonant modes, the output power can be enhanced by about 10 times. The mechanisms can be elucidated from the impedance matching condition derived from coupled-mode theory.
I. INTRODUCTION
Thermoradiative (TR) devices [1] [2] [3] [4] , like photovoltaic (PV) devices [5, 6] , are electric power generators that use the radiative energy transfer between reservoirs maintained at different temperatures. Unlike the PV devices where PV cells are kept at a lower temperature to generate electric current, in TR devices the TR cells that generate the electric power are kept at a higher temperature. The principle of both PV and TR cells is illustrated in Fig. 1 . For a working PV cell at a temperature T cell , a heat source is maintained at a higher temperature T s > T cell [ Fig. 1(b) ]. Consequently, the absorbed photon flux is greater than the emitted, leading to an electron-hole (e-h) population larger than its equilibrium value at T cell . The PV cell attempts to recover its equilibrium e-h population via any e-h recombination channels, including removing electrons from the conduction band through an external load to fill the valence band, which is the electric current one can use. For a working TR cell at a temperature T cell , a heat sink is maintained at a lower temperature T s < T cell [ Fig. 1(c) ]. Consequently, the absorbed photon flux is smaller than the emitted, leading to an e-h population smaller than its equilibrium value at T cell . The TR cell attempts to recover its equilibrium e-h population via any e-h generation channels, including removing electrons from the valence band through an external load to fill the conduction band, which is again the electric current one can use. Other than the opposite current direction, PV and TR cells are equivalent from the microscopic point of view.
As the TR and PV devices share the same physical origin, approaches that enhance the PV performance also enhance the TR performance. Thermophotovoltaic (TPV) is a promising approach to enhance the PV performance. A basic TPV system consists of an emitter and a PV cell [7] [8] [9] [10] [11] [12] , with the emitter placed between the heat source and the PV cell and kept at a high temperature by a heat source. The main role of the emitter is to reshape the photon emission spectrum to better fit the bandgap of the PV cell. For the near-field based TPV system [13] [14] [15] [16] [17] [18] [19] , the separation between the emitter and the PV cell is much shorter than the characteristic wavelength of the emitted photons, and the resulting radiative energy transfer can be up to 10 4 times greater than the blackbody limit [20] [21] [22] [23] . The physics can be understood in the framework of coupled-mode theory (CMT) [24] [25] [26] [27] [28] [29] [30] , where the radiative energy transfer between different reservoirs originates from their coupling to common resonant modes [31] . According to CMT, the strong enhancement in TPV system stems from the surface resonances supported by the emitter/vacuum interface.
CMT analysis also provides "impedance matching" conditions for the maximum radiative energy transfer: if both PV/vacuum and emitter/vacuum interfaces by themselves support their respective surface resonances, the radiative energy transfer is maximized when the complex resonant energies are identical (including real and imaginary parts); if there is only one resonant mode, the radiative energy transfer is maximized when the resonant mode decays to the PV cell and to the emitter at the same rate [27, 30, 32] .
The near-field TPV concept can be applied to TR devices [4] , where a heat sink is placed close to the hightemperature TR cell. The role of the heat sink is similar to the emitter in the TPV system -it reshapes the photon radiation spectrum to facilitate the radiative energy transfer from the TR cell to the heat sink. Following Refs. [3, 30] , we show that the TR devices can also be completely described by the transmissivity (between the TR cell and the heat sink) and the generalized Planck distributions [33] [34] [35] . As the generalized Planck distribution is obtained from thermodynamics, the transmissivity, which is material and geometry specific but is independent of thermodynamic variables, completely determines the TR performance. We consider three types of heat sink materials -a metal whose dielectric function is described by the Drude model [36, 37] , a Lorentz material described by the Lorentz oscillator model [4, 38, 39] , and a heat sink with the same material as the TR cell. The blackbody heat sink serves as the reference. We only consider the planar structure, and the transmissivity is computed using the dyadic green function [40, 41] and the fluctuation-dissipation relation between the thermal current and temperature [42] . The rest of the paper is organized as follows. In section II, we provide a general and unified picture for both PV and TR devices. We show that the load output power and the efficiency can be expressed in terms of transmissivity and the generalized Planck distribution. We also quantitatively show that the δ-function transmissivity is a good approximation for the general near-field configuration. In section III we show our simulations for three types of heat sinks. The results are discussed and understood from the impedance matching condition derived from CMT. In particular, we show how the loss can sometimes enhance the TR performance, which has been demonstrated in PV devices [19] . A brief conclusion is given in Section IV. For a PV cell, as the thermal reservoir is at a higher temperature, the absorbed photon flux (that creates e-h pairs) is greater than the emitted photon flux (that annihilates e-h pairs), leading to an e-h population greater than the equilibrium value, i.e. EF c > EF v and µ > 0. The PV cell tends to transfer electrons from the conduction band through an external load to fill the holes in the valence band. (c) For a TR cell, the emitted photon flux is greater than the absorbed, leading to an e-h population smaller than its equilibrium value, i.e. EF c < EF v and µ < 0. To recover its equilibrium population, the TR cell tends to transfer electrons from the valence band through an external load to the conduction band.
II. GENERAL FORMALISM

A. The formalism
To make the presentation self-contained, we recapitulate the radiative energy transfer using the transmissivity and the generalized Planck distribution [3, 30] . Given the transmissivity between the cell and a thermal reservoir (either a heat source or a heat sink) ε c,s (ω), for the PV or TR cell, the absorbed photon flux minus the emitted is given bẏ
where the thermal reservoir is fixed at T = T s , µ = 0 whereas the cell is at
is the generalized Planck distribution [33] [34] [35] , with µ the photon chemical potential [43] .
The photon chemical potential is related to the difference of quasi-Fermi energies, as illustrated in Fig. 1 . We take Boltzmann constant k B ≡ 1, so the temperature T is understood as k B T with the dimension of energy. The lower bound of the integral ℏω g ≡ E g is the bandgap: photons of energy smaller than E g are not absorbed by or emitted from the cell. We note that the transmissivity used in Eq. (1) includes contributions from all modes at the given frequency, and can in principle be larger than one. When taking ∆µ = 0,Ṅ (T cell , 0; T s ) represents the maximum current available for the load current for a given temperature difference. In this case, however, the generated e-h flux cannot maintain any non-zero voltage across the external load, leading to a zero output power. In reality, a non-zero ∆µ is developed (when the external load is connected to the PV/TR cell) to maintain a non-zero output power. Depending on the load resistance, there exists an optimal ∆µ for the maximum efficiency and a ∆µ M P for the maximum output power. From Eq. (1), the net photon current and the power for given T cell and T s are given by
The net radiative power absorbed by the cell is given by
In PV devices, P c > 0, meaning the PV cell obtains energy from the thermal reservoir (heat source). In TR device, P c < 0, meaning TR cell gives energy to the thermal reservoir (heat sink). In the following discussions, the lower bound of the integral is replaced by ω g , under the assumption that photons of below-gap energies are not absorbed. This assumption overestimates the efficiency, but does not change the output power. For TR devices, the efficiency is defined as [1] 
Here,Ė rad andĖ abs are respectively the energy flux radiated from and absorbed by the cell, andĖ rad −Ė abs is the net emission power from the TR cell. Note P c < 0 for TR devices, ensuring η T R < 1. With the formalism, the transmissivity is the most crucial quantity to compute or to approximate, and it generally depends on materials (through the dielectric functions) and geometry. While the formalism presented above is equivalent to that used in Ref. [4] , it avoids the complications from entropic contribution (which is taken into account by the generalized Planck distribution) and thus allows a convenient comparison between the PV and TR devices. We now analyze TR performance for some cases in which the transmissivity can be expressed analytically.
B. Blackbody heat sink for TR devices
For the blackbody of flat surface, the transmissivity is given by [30] 
Note that the transmissivity is dimensionless by definition, and Eq. (5) has a dimension of 1/L 2 (L stands for the length) as it is the transmissivity per unit area. K is the in-plane momentum and |K| = k. In Eq. (5), we have used the momentum-dependent transmissivity: ε c,s (ω, k) is one inside the light-cone k < ω/c, and zero outside the light cone [30] . Using Eq. (5), the TR output power can be computed using the equations given in the previous subsection, and the results are identical to those given in Ref. [1] . As the blackbody surfaces is the upper limit of radiative transfer in the far-field based devices, we use it as the reference for comparison.
For the near-field device where the radiative energy transfer is governed by resonances, the momentum-dependent ε c,s (ω, K) has a very weak K dependence when ω is around the resonant frequency ω 0 . Consequently, the momentum integrated transmissivity ε c,s (ω) becomes much larger than unity when ω ∼ ω 0 , which, from CMT point of view, is the origin of the near-field enhancement [30] . We shall establish that the δ-function transmissivity is a good approximation in this case.
C. δ-function transmissivity for TR devices
In this subsection we consider the δ-function transmissivity [3] ,
with ω 0 > ω g and A a constant. ω 0 is referred to as the resonant frequency. As ε s,c has the dimension of inverse of an area, A has the dimension of energy divided by the area. Due to its simplicity and relevancy to the later discussion, we provide more details. We will show that Eq. (6) is a good approximation when resonant modes are responsible for the radiative energy transfer, which is typical in the near-field devices [20, 30] (see Section III). One notes that A in Eq. (6) is geometry and material dependent. For example, the smaller vacuum gap between heat sink and TR cell gives a larger A. More generally, A is large when the TR cell and the heat sink satisfy the "impedance-matching" condition. The load output power is given by
The net radiative power absorbed by the cell is given by eV/cm 2 (black curve) and 1.54 × 10 8 eV/cm 2 (red curve). They are δ-function approximations for the black and red curves in Fig. 3(c) .
For TR devices, ∆µ < 0, the efficiency is given by
The , which is the Carnot efficiency. The analysis shows that for δ-function transmissivity of any resonant frequency ω 0 , the maximum efficiency is the Carnot efficiency at open-circuit voltage. Note that at this condition, the load output power is zero. For this reason we choose the maximum output power to gauge the TR performance.
Eq. (7) gives the load output power as a function of ∆µ. Two features are worth noting. First, Eq. (7) implies that larger value of A leads to a greater output power. This means that using the resonant modes and impedance-matching principle can greatly enhance the output power (see Section III). Second, we can numerically find the chemical potential ∆µ M P corresponding to the maximum output power, which is typically 10 to 20 % of the ∆µ oc . This is in contrast to the PV devices, where ∆µ M P ≲ ∆µ oc . Fig. 2 gives the example for ℏω 0 = 0.33 eV, ∆µ oc = ℏω 0 ×(1−T cell /T s ) = −0.77 eV, and A = 4.45 × 10 8 eV/cm 2 and 1.54 × 10 8 eV/cm 2 ; these values correspond the near-field configurations which we shall discuss in Section III.
To conclude this subsection, we emphasize the following properties specific to the δ-function transmissivity for TR devices. Once ℏω 0 > E g , the bandgap E g does not affect the photon current and thus load output power, but a smaller ℏω 0 gives a higher efficiency η T R for the same ∆µ. The Carnot efficiency can be reached at the open-circuit chemical potential ∆µ oc for all resonant energies ℏω 0 , whose amplitude |∆µ oc | can easily exceed the bandgap and resonant energy. However, at ∆µ oc the load output power is zero. Finally, ∆µ M P (∼ −0.08 eV) is generally 10 -20 % of ∆µ oc (∼ −0.77 eV) in amplitude. The load output power is the quantity of interest for applications, and the way to enhance it is to increase the transmissivity.
III. NEAR-FIELD THERMORADIATIVE DEVICES
A. Configuration and material parametrization
We now consider some practical configurations for near-field TR devices -a TR cell at high temperature T h and a heat sink at low temperature T l , separated by a vacuum gap of width d [ Fig. 3(a) ]. The TR cell, just like a PV cell, is a semiconductor used to generate electric current. In the following discussion, we use d = 10 nm, and only consider the radiative processes [1, 5] . For the TR cell, the dielectric function is governed by the direct valence-to-conduction interband transition [44, 45] .
with x = ℏω/E g . As a model calculation, we use (A, B, E g ) = (6, 10, 0.3 eV) [39] . Here, 0.3 eV roughly corresponds to the bandgap of InAs [46] and bulk Black Phosphorous [47, 48] . We have varied A and B between 1 and 15, which are the typical values extracted from Refs. [44, 45] , and found these values do not change the general behavior. Three types of heat sink designs are considered: the metal heat sink, the Lorentz heat sink, and the heat sink which is the same as the TR cell, with the blackbody heat sink as the reference. Both metal and Lorentz material support the surface plasmon polariton mode. In the static limit, the surface resonant frequency ω 0 is given by ϵ(ω 0 ) = −1. Based on the impedance matching condition [32] , when the surface mode and E g are close in energy (with the former slightly larger), one gets a large transmissivity. We use ℏω 0 = 1.1 · E g . For the first design, the dielectric function of a metal can be approximated by the Drude model:
The surface resonant frequency is given by ω 0 = ω p / √ 2, so we choose ω p = √ 2 × 1.1 · E g /ℏ, and the decay rate is chosen to be γ m = 0.002ω p (corresponding to Ag). We note that this decay rate is relatively small, and will show in the next subsection that increasing the decay rate (such as Pt with γ m ∼ 0.013ω p or Al with γ m ∼ 0.011ω p ) can increase the TR output power. The typical plasma frequency is of the order of eV, but introducing the nano-grating structure can create the geometry-induced resonances of much lower resonant frequencies [49, 50] . For the second design, the Lorentz material means its dielectric function can be described by the Lorentz oscillator model as
This is typical for many insulators. Here we choose ϵ ∞ = 4.46, ω T O /ω LO = 0.81, and γ/ω LO = 0.0041. The resonant frequency is given by ω
, which is set to (
2 . The parameter choice is motivated by cBN (cubic Boron Nitride) [20] , with an enlarged longitudinal optical (LO) phonon frequency ω LO . The third design of using the same materials for TR cell and heat sink is inspired by its symmetric configuration, which is shown to greatly enhance the transmissivity for both metal and Lorentz materials [20, 30, 32] . We shall assume the dielectric function is temperature independent over the temperature range of interest, and consequently the transimissivity is also temperature independent.
B. Results and discussions
Fig . 3 shows our calculated results for T cell = T h = 1000 K, T s = T l = 300 K. Fig. 3(b) gives the transmissivity between the TR cell and various heat sinks. For the metal and Lorentz heat sinks, there is a strong peak around their surface resonant energy (chosen to be around 1.1 · E g = 0.33 eV for E g = 0.3 eV), whose amplitude is a few hundred times larger than that of the blackbody reference. The corresponding maximum load output powers, shown in Fig. 3(c) , are about 62 times (metal heat sink) and 23 times (Lorentz heat sink) greater than the blackbody reference. Since a strong peak in transmissivity can be approximated by a δ-function, we notice that the maximum efficiency, shown in Fig. 3(d) , is very close to the Carnot efficiency (70 % in this case) at open-circuit ∆µ. To make the δ-function approximation more quantitative, we fix the coefficient A in Eq. (6) by integrating the black (metal) and red (Lorentz) curves in Fig. 3(b) between 0.3 eV and 0.4 eV, and the resulting load output power per area as a function of chemical potential are given in Fig. 2 . Compared Fig. 2 with the exact solutions in Fig. 3(c) , the δ-function transmissivity captures up to 90% of the total output power for both metal and Lorentz heat sinks, and can be regarded as the idealized model of the near-field transmissivity.
For the TR-cell heat sink, there is no peak structure in transmissivity, but the symmetric configuration makes its value about 10 times larger than the blackbody reference. The resulting maximum load output power is 12 times larger than the blackbody reference. As keeping TR cell at 1000 K may be too high in practice, we repeat the same analysis by using T cell = T h = 500 K. The load output power and efficiency are given in Fig. 4 . The output powers are reduced in values, but the same enhancement is clearly observed. The same trend happens for the same T h and T l with a semiconductor of a larger bandgap (not shown) [50] .
FIG. 5:
The load output power per unit area for metal heat sink at T l = 300 K. The TR cell is at T h = 1000 K. Different decay rates of metal are compared. According to CMT, there exists an optimal decay rate, which in this configuration is about γe/ωp = 0.02, above and below which the output power decreases.
We now discuss our results from the point of CMT. In our simulations, the metal and Lorentz heat sinks are better than the TR-cell heat sink. This stems from the fact that the metal/vacuum and Lorentz/vacuum interfaces both support the surface plasmon polariton mode. Mathematically, the existence of surface mode means that ϵ(ω 0 ) = −1 has real-value solutions of ω 0 , and this condition implies all modes of different in-plane momentum K have similar resonant energy [51] . When the TR cell and the heat sink are spatially close, modes from a wide range of K can contribute to the transmissivity over a small energy window centered at ℏω 0 , leading to a strongly peaked, δ-function like transmissivity. This is in contrast to the far-field consideration, where the mode of large |K| corresponds to a large ω, leading to a smoother transmissivity of ω 2 dependence. Our results show that the metal heat sink is more efficient than the Lorentz heat sink. According to CMT, this originates from the impedance-matching condition regarding to the decaying rate, i.e. the difference of resonance decaying rates to the metal and to the TR cell is smaller that that to the Lorentz material and to the TR cell. Moreover, CMT shows that there exists an optimal decay rate for the maximum transmissivity and thus the maximum load output power. We use the metal heat sink as the example, and the same behavior is found for the Lorentz heat sink. As shown in Fig. 5 , when increasing the decay rate γ e [defined in Eq. (11)], the output power first increases and then decreases. For this configuration, the optimal decaying rate is around γ e /ω p = 0.02, above and below which the output power is smaller. From this analysis, the damping can sometimes be beneficial to the near-field TR devices, which is also the case for the near-field TPV [19] . As metals generally have large thermal conductivities than insulators, they are easier to dissipate heat and thus easier to be maintained at the ambient (low) temperature, which is another advantage for using metal as the heat sink. Generally the plasma frequency is high, we expect by grating the metal sink, which creates some geometry-dependent resonant modes [49, 50] can further enhance the output power, especially for the TR cell working at a lower temperature.
It is also worth noting that, although there is no surface resonance supported by the TR cell/vacuum interface, using TR cell as the heat sink automatically satisfies impedance-matching condition (the decaying rates to the TR cell and to the TR-cell heat sink are identical), and still significantly enhances the TR performance (10 times larger than the blackbody reference). This enhancement can also be understood from the enhanced photon density of states due to the refractive index (n 2 ≈ ϵ, with n the refractive index) [52] [53] [54] . The factor of ten enhancement is consistent with the model parameter we choose. As the maximum photon flux is limited by the largest refractive index of the TR cell and the heat sink, when no resonant modes are present, the symmetric configuration is the configuration of maximum photon flux for a chosen TR cell. Finally we comment on other non-radiative e-h processes, notably the impurity and Auger processes, neglected in the current ideal treatment. Inclusion of these processes reduces the load output power, and is important for applications. However, as these processes occur for both reference and designed configurations, we expect the enhancement ratio between the near-field heat sink and the blackbody reference to be approximately unchanged.
IV. CONCLUSION
In this work, we show that the load output power and efficiency for both PV and TR devices can be formulated using the generalized Planck distribution and the transmissivity. In this framework, the transmissivity is the most fundamental quantity to compute or model, and determines the performance of both PV and TR devices. For the ideal far-field device (blackbody limit), the transmissivity is known to have ω 2 frequency dependence; we establish that the δ-function transmissivity is a good approximation for the near-field devices whose radiative energy transfer is dominated by resonances. For the TR devices, the close-to Carnot efficiency can be achieved at the open-circuit chemical potential with a zero load output power, therefore we use the maximum load output power to gauge the TR performance. We compute the TR load output power using metal (Drude model), Lorentz (Lorentz oscillator model), and the same TR-cell material as the near-field heat sink. We find that, by choosing the energy of the surface plasmon polariton close to the bandgap of the TR cell, the metal and Lorentz heat sinks can enhance the output power by about 60 and 20 times respectively, as compared to the blackbody reference. The strong enhancement originates from the surface plasmon polariton supported by the heat sink/vacuum interface. Even for the TR-cell heat sink that does not support surface modes, the output power is still about 10 times larger. A general way to increase the transmissivity is to introduce more resonance modes. In view of this, we expect by grating the heat sink, which creates some geometry-specific resonant modes, by decorating heat sink with nanoparticles, or by adding interfaces
